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Abstract. The complex behavior of liquid 4He and liquid 3He in nanoporous media is
determined by influence of randomly distributed geometrical confinement as well as by significant
contribution from the atoms near walls. In the present paper fractional Schrodinger equation
has been used for deriving two-fluid hydrodynamical equations for describing the motion of
superfluid helium in the fractal dimension space. Nonlinear equations for oscillations of pressure
and temperature are obtained and coupling of pressure and temperature oscillations is observed.
Moreover coupling should disappear at very low temperatures which provide an experimental
test for this theory.
1. Introduction
Liquid helium 4He and 3He at very low temperature belong to the class of quantum fluids with
strong correlations between atoms. The first one represents a Bose-system and shows superfluid
transition at λ-point Tλ = 2.17 K (below this temperature it is called He-II). In recent years it
has been recognized that the quantum fluids in the confined geometry at nanoscale length can
be considered as a new state of quantum matter due to close values of characteristic lengths
for these quantum liquids and the size of geometrical confinement as well as due to significant
contribution to the physical properties from the atoms near walls.
The question of influence of geometrical factors (confinement dimension, dimension of
nanopores space, etc) has been emerged[1, 2, 3, 4, 5, 6]. So one has to apply a new physics
to describe such systems with taking into account their complex nature. For example, last two
years the attempts to develop the fractionalized two-fluid hydrodynamics for nanoporous media
with fractal dimensions have been made[7, 8].
In the present paper fractional Schrodinger equation has been used for deriving two-fluid
hydrodynamical equations for describing the motion of superfluid helium in the fractal dimension
space (like aerogel) and nonlinear equations for oscillations of pressure and temperature are
obtained and coupling of pressure and temperature oscillations is observed.
2. Two-fluid hydrodynamical model
The usual two-fluid hydrodynamic model [9], [10] of superfluid helium 4He is described by
the system of four differential equations (1), (2), (3), (4) which represent continuity equation,
entropy conservation law and Eiler equations for superfluid and normal components respectively
∂ρ
∂t
+ ∇j = 0 (1)
∂ρσ
∂t
+ ∇(ρσvn) = 0 (2)
ρs
∂vs
∂t
= −
ρs
ρ
∇p+ ρsσ∇T (3)
ρn
∂vn
∂t
= −
ρn
ρ
∇p− ρsσ∇T, (4)
where ρ – He-II density, ρs, ρn – superfluid and normal component density, vs,vn – superfluid
and normal component velocity, j = ρsvs + ρnvn – He-II flow density. Interaction between the
fluid components, forces of viscous friction and energy dissipation are neglected because of the
small velocities of both components. This model provides two type of oscillations - oscillations
of pressure (first sound, both components move in phase) and oscillations of temperature
(second sound, components move in counter-phase). Neglecting the anomalously small thermal
expansion coefficient of He-II, oscillations of pressure and temperature in bulk sample of
superfluid helium are independent. But in superfluid helium in aerogel the experimentally
proven coupling of these two type of oscillations exists[11].
3. Fractional quantum mechanics
To take into account complex nature of internal geometry of confinement (aerogel) it is reasonable
to use the formalism of fractional quantum mechanics. In the framework of the so-called
Feynman formalism for quantum mechanics the key concept is the concept of trajectory and a
particle can move along any possible trajectories. To move a particle from point A to point B one
has to take into account the contributions from all possible trajectories with the corresponding
weight (complex factor). Possible trajectories resemble Brownian trajectory of a free particle
and have a fractal dimension of α = 2.
De Broglie thermal wavelength for the helium atom inside the aerogel at temperatures of
about 1 K is about 10 A˚, which is in proper relation with the characteristic length scale of
the fractal structures formed aerogel. Thus, some quantum-mechanical trajectory of the helium
atom will be forbidden due to the influence of the structure of aerogel. The realized trajectory
will resemble the motion of a Brownian particle in a porous medium, where the mean square
displacement depends on time as < x2 >∝ tα. This phenomenon is called subdiffusion. To
describe this type of diffusion an equation with fractional Riesz derivative is used. Probability
density function for such case is written in terms of Levy function, which is a generalization of
the Gaussian distribution[12, 13].
It has been proposed to generalize the Feynman’s path integrals to an arbitrary fractal
dimension of trajectories α [13]. From this type of path integrals one can obtain fractional
Schro¨dinger equation and fractional Hamiltonian in the following form
ih¯
∂ψ(r, t)
∂t
= Hˆαψ(r, t) (5)
Hˆα = Dα (h¯∇)
α + V (r, t) = Dα |pˆ|
α + V (r, t) , (6)
where (h¯∇)α is Riesz fractional operator[13]. Thus fractional Hamiltonian (6) is the Hermitian
operator and provide probability conservation law. Also it obeys parity conservation law, so
one divide particles at the fermoins and bosons, as in usual case. This type of Hamiltonian (6)
already has been used to describe the specific heat of noncrystalline solids (glasses) associated
with the unusual structure of these materials[14].
4. Galilean noninvariance
On other hand, the non-quadratic form of the Hamiltonian (6) with respect to momentum
operator results in breaking some other symmetries in dynamic equations, for example, the
Galilean invariance. In usual case, transition from one inertial system to another will conserve
general view of dynamical equations. If we consider Schro¨dinger equation in two inertial reference
frameK (nonprimed variables) andK ′ (primed variables), which move relative to each other with
velocity V , then by special substitution[15] one can achieve the same form of dynamical equation.
On other hand, by making similar substitution in the form Ψ(x, t) = ϕ(x′, t)ei
mV x′
h¯
+i
Dα|p|
αt
h¯ , for
fractional Schro¨dinger equation it is impossible to get the similar form of equation as in reference
frame K. The only possibility to resolve it to set V = 0, i.e. do not change the intertial reference
frame. As a consequence there is some special reference frame where the fractional Schro¨dinger
equation has form (5). One can identify this reference frame with some reference frame where,
for example, nanoporous media is in a rest.
5. Fractional two-fluid hydrodynamical model
Within the Heisenberg representation the dynamical equations for operators rˆ and vˆ = drˆ
dt
are
written as
v̂ = αDα |p̂|
α−2
p̂, (7)
dv̂
dt
= −
i
h¯
αDα
∞∑
l=1
(−ih¯)l
l!
∇lV (r̂)
(α− 1)!
(α− l − 1)!
p̂α−1−l, (8)
where V represents potential energy. Suppose that velocity is more general quantity than
momentum [16], one can rewrite (8) in terms of velocity and leave only the first spatial derivation
of potential V . From fractional Schrodinger equation the mass conservation law follows in the
form
∂ρ(r, t)
∂t
+∇J(r, t) +K(r, t) = 0, (9)
where ρ = Ψ∗Ψ is the probability density, J = 1
α
(Ψ∗vˆΨ+ΨvˆΨ∗) is the density flow[13] and
K = i
αh¯
(pˆΨvˆΨ∗ − pˆΨ∗vˆΨ) is a new term, which represents additional sources in fractal space.
If we assume that density of superfluid helium is almost homogeneous, i.e. we have only set of
plane waves with close values of p in wave function and helium atoms is strongly delocalized,
then one can suppose K ≈ 0. In that case in fractional two-fluid hydrodynamical model one can
keep the continuity equations of mass and entropy in the form (1) and (2).
Instead of parametr Dα we introduce a new one with dimension of velocity as αDα =
v2−α0 m
1−α. Then dynamic equation (8) for the superfluid component with taking into account
thermodynamic relations [9] can be rewritten as
ρs
dvs
dt
= (α− 1)
∣∣∣∣vsv0
∣∣∣∣
α−2
α−1
(
−
ρs
ρ
∇p+ ρsσ∇T
)
. (10)
Also we can suppose the similar form for dynamic equation to which the density flow obeys and
write
dj
dt
= −(α− 1)v
2−α
α−1
0
∣∣∣∣ jρ
∣∣∣∣
α−2
α−1
∇p. (11)
Thus equations (1), (2), (10) and (11) form fractional two-fluid hydrodynamical model of
superfluid helium in nanoporous space. This set of equations results in two oscillation equations
for pressure and temperature. By using ”weak fractality” approximation α − 2 ≪ 1 in low
temperature region T < 0.5K when ρn/ρs ≪ 1 and vn/vs ≪ 1 one can rewrite these equations
up to O(α− 2) as
∂2p
∂t2
= u21
(
1 + (α− 2)(1 + ln
∣∣∣∣ vv0
∣∣∣∣)
)
∇2p+ u21(α− 2)∇ ln
∣∣∣∣ vv0
∣∣∣∣∇p, (12)
∂2T
∂t2
= (α− 1)u22
(
1 + (α− 2) ln
∣∣∣∣vsv0
∣∣∣∣
)
∇2T + (α− 2)u22
ρn
ρσρs
(
vn
vs
− 1
)
∇2p, (13)
where u1 and u2 is first and second sound velocity for bulk superfluid helium. We will look for
the solutions in the form of plane waves p = p0+ p
′ei(ukt−kr) and T = T0+ T
′ei(ukt−kr), where u
is sound velocity, and suppose that helium velocity has dependence v = v0 exp(i(ukt− kr)). As
a result one can obtain two type of oscillations: temperature oscillations with sound speed
u ≈ u2
(
1 + (α− 2)(1 + 12 ln
∣∣∣ v0sv0
∣∣∣)) and pressure-temperature oscillations with sound speed
u ≈ u1
(
1 + α−22 (1 + ln
∣∣∣v0v0
∣∣∣)). The latter one has the relation between pressure and temperature
amplitudes T ′ = βp′, where coupling coefficient has form β = ((α− 2)
u2
2
ρn
ρσρs
(
v0n
v0s
− 1
)
)/(u22 − u
2
1).
At low temperatures, when u21 ≈ const, u
2
2 ≈ const and σ ∝ T
n, this coupling coefficient should
have linear dependence on temperature β ∝ T which provide us with possible experimental test
for proposed model.
6. Conclusion
It was proposed that for the microscopical description of superfluid in nanoporous media with
complex fractal structure one can use fractional Schro¨dinger equation. But it is necessary to
keep in mind that the fractal geometry of nanoporous media leads to the Galilean noninvariance
of this equation and as a consequence one needs to choose the special frame of reference where,
for example, nanoporous media is in a rest. One can interpret dynamic equations of fractional
quantum operator in Heisnberg representations as a classical dynamic equations in fractal media
and generalize them to obtain fractional hydrodynamic set of equations. From this two-fluid
fractional hydrodynamic model one can obtain equations of pressure-temperature and pure
temperature oscillation. It was shown that the pressure-temperature coupling constant has
linear dependence on temperature at low temperature region which provide us with possibility
of experimental proof of given model.
Acknowledgments
This work is supported in part by the Russian Fund for the Fundamental Research (09- 02-01253)
References
[1] Naletov V V, Tagirov M S, Tayurskii D A 2002, Low Temp. Phys. 28(5) 431-48
[2] Minnillin A R, Tayurskii D A 2000 JETP Lett. 72(12) 616-20
[3] Wong G, Crowell P, Cho H et al. 1990 Phys. Rev. Lett. 65(19) 2410-13
[4] Matsumoto K, Tsuboya H, Yoshino K, et al. 2007 J. of Low Temp. Phys. 148(5-6) 615-20
[5] Vasquez C, Paredes R 2006 Cond. Matt. Phys. 9(2) 305-17
[6] Azuah R T, Glyde H R, Scherm R et al. 2003 J. of Low Temp. Phys. 130(5):557-67
[7] Tayurskii D, Lysogorskii Y, Zvezdov D 2009 J. of Phys.: Conf. Ser. 150(3) 032110
[8] Tayurskii D A, Lysogorskii Y V 2009 J. of Low Temp. Phys. 158(1-2) 237-43
[9] Tilley D and Tilley J 1977 Superfluidity and superconductivity (Moscow: Mir)
[10] Khalatnikov I M 1988 An Introduction to the Theory of Superfluidity (Redwood City: Addison-Wesley)
[11] McKenna M J, Slawecki T, Maynard J D 1991 Phys. Rev. Lett. 66(14) 1878-81
[12] West B J, Bologna M and Grigolini P 2003 Physics of fractal operators (Springer Verlag)
[13] Laskin N 2002 Phys. Rev. E 66(5) 56108
[14] Lenzi E K, Oliveira B F, Astrath N G, et al. 2008 The Europ. Phys. J. B. 62(2) 155-58
[15] Greenberger, D 2001 Phys. Rev. Lett. 87(10) 14
[16] Dong J, Xu M 2008 J. of Math. Phys. 49(5) 052105
